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Bloch-Floquet method
@ Periodic systems

@ Bloch condition

0q(z + a) = epy(x)

Bloch eigen-value problem
e(q)pq = H(q) - ¢q

@ £(q) gives energy bands (~ frequency bands)
The SSH model
Two bands

Finite systems: edge effects?

(]
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Outline

@ The SSH model
e Edge modes
e Symmetries
e Disorder

© Band topology
@ Berry connection
o Examples
@ Zak phase

© Application to SSH: Bulk-Boundary correspondance
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The SSH model

Outline

@ The SSH model
e Edge modes
@ Symmetries
e Disorder
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The SSH model Edge modes
Symmetries

Disorder

Infinite SSH model

n' unit cell

A B A B/ A B'A B A B

o Full eigen-value problem ¢ = H. ¢

epn = tpD | + 58
epl = t¢ﬁ+1 + s¢7

@ Bloch eigen-value problem

S(ea) 0 s+ te¥ [ pa 05
YB s + te" 0 B Al -
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Edge modes
Symmetries
Disorder

unit cell 1 unit cell N
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@ Unit cell 1 and N +1 are
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Edge modes
Symmetries
Disorder

A B'A B'A B A B A B

o At edges
¢y = o
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SH model Edge modes
Symme
Disorder

Outline

@ The SSH model
e Edge modes

© Band topology

© Application to SSH: Bulk-Boundary correspondance
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The SSH model Edge modes
Symmetries

Disorder

A B'A B'A B A B A B
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The SSH model Edge modes

Symmetries
Disorder

Semi-infinite chain

A B A B'A B A B A B

Eigen-value problem for ¢ =0

= 5¢5 + t¢f—1’ (2<n
= s¢d +ton,  (1<n),

o\ _ (a(=s/t)"
¢n ) \b(=t/s)"
Boundary condition 0 = s1¢2 and ¢, = 0

Normalization ), |9a12 + [pB 2 =1

Solution

(]
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The SSH model Edge modes

Symmetries
Disorder

Semi-infinite chain

o Edge mode:

o= ()= e )

e Localized if |s| < |¢|
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e Conclusion: edge mode localized if |s| < |¢]

o Finite chain: 1 edge mode per boundary

o Finite spectrum for continuously changing s and ¢

1

(b)
0.5

0 0.5
s

with s+t =1

(b)

A s

Closed gap

0 edge mode

1 edge mode
per boundary
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The SSH model Edge modes

Symmetries
Disorder

Finite chain

@ Recall edge mode for semi-infinite chain:

ve= @Z’) B \/(1 j/;)/t? <(1)>

0.8

()

0.6

o Finite chain: 2 boundaries 04

o Edge modes & 02

Y= — (1/1L + YR) :0:2

o

S
o
=
o

15 20
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SH model Edge modes
S netries
Disorder

Outline

@ The SSH model

e Symmetries

© Band topology

© Application to SSH: Bulk-Boundary correspondance
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th

n'" unit cell

e Symmetries play an important role for topological modes

e What symmetry do we have (in addition to periodicity)?
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SSH model Edge modes
Symmetries
Disorder

o A classic symmetry: mirror symmetry M,

o If center is center of cell n =0

P\ _ (0 1\ (¢4,
M- <¢§ =\ o) ez,
e Symmetry means H - M, = M, - H

@ Can look for eigen-vectors as symmetric and
anti-symmetric
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The SSH model Edge modes
Symmetries
Disorder

o But M, doesn’t commute with translations

o For Bloch Hamiltonian
M, - H(q) - M, = H(—q)

@ ¢ changes as well

e Not so convenient
o Still useful! (see later)
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o An “exotic” symmetry: chiral symmetry

o Chiral operator

A (bA
e () = (%)
o Anti-commutation relation

H-T+T-H=0
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The SSH model Edge modes
Symmetries

Disorder

..::S:Et:::COO
A B/ A B'A B A B A B

o Interpretation of chiral symmetry: Sublattice symmetry
o 2 sublattices:

e A-points

e B-points
o Hamiltonian contains only cross-terms

o Eigen-value problem of the form

[
I

ella=1n
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The SSH model Edge modes

Symmetries
Disorder

. o —o—o
B A B

A B

> @

Consequences of chiral symmetry

If (¢, ¢) is an eigen-couple, then (—e,I" - ¢) also

Spectrum symmetric € = —¢

Also
Ife=0thenT ¢ ==0¢
o This means ¢ = 0 or ¢Z =0 (Vn)
This applies to the edge modes!

(]
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SH model Edge modes

Symmetries
Disorder

.:::SCEt::CCC:
A B!/'A B'A B A B A B

Most important consequence of chiral symmetry

e Energy of edge mode locked at Parameter change
e=0 X+e

e Single mode € = 0 cannot split e=0x X_e
into a pair

@ Valid for N > 1
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Disorder

Outline

@ The SSH model

@ Disorder

© Band topology

© Application to SSH: Bulk-Boundary correspondance
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SSH model Edge modes
Symmetries

Disorder

A B A B A B A B A B

o Eigen-value problem for ¢ =0

0= 8,05 +ty_105
0= 8007 + tndimi

e Same derivation as before

m_NH 53/t ()

o N normalization constant

o Localized if

Jim | ] (s/tj) =0
7j=1
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SSH model Edge modes
Q

S 1metries
Disorder

Recap’

Edge mode in SSH model

As Closed gap
@ Presence if s < t; absence if s > ¢ (b)

o To get rid of it: must close gap
o Locked at e =0 0 edge mode

(chiral symmetry)
e Robust to (chiral) disorder: 1 edge mode

per boundary

o Still localized at edge ~ @
e Stille =0

Origin of these exotic properties: topology
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Band topology

Outline

© Band topology
@ Berry connection
o Examples
@ Zak phase
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Ty connection
Band topology Examples

Zak phase

Topology

- &>

Study of smooth deformation
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y connection
Band topology Examples
Z

>hase

Outline

@ The SSH model

© Band topology
@ Berry connection

© Application to SSH: Bulk-Boundary correspondance
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Berry connection
Band topology Examples

Zak phase

o Back to Bloch eigen-value problem

(]

Up to now we had q = ¢q €] — m, 7] with —7 and 7 identified

(]

Generalize to q € Q parameter space
(can have d dimensions)

Uniqueness and regularity of €(q) and ¢(q)?

(]

Assume single eigen-values for H(q) for all q:
= ¢(q) unique and smooth functions

e What about ¢(q)?

Antonin Coutant Topological acoustics



Berry connection
Band topology Examples

Zak phase

Back to Bloch eigen-value problem

Ambiguity: if a(q) smooth function

$(q) = e Wp(q)

&(q) is equally good as ¢(q) (for a given eigen-value)

We call (G) a gauge transformation

Consequences of (G):

o Function ¢(q) not unique
e Not guaranteed to be smooth
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Berry connection
Band topology Examples

Zak phase

Example: back to SSH

Bloch Hamiltonian

0 s+ te
H(q) = (s +te ™ 0 )

Eigenvalues €4 (q) = *|s + ted| = 41/s2 + t2 + 2st cos(q)
We pick the eigen-value e(q) = |s + te'|

Eigen-vector ¢(q) = <z> verifies

ex = (s +te )y

Possible choices

1 s+te;;‘1 ~ 1 1
plq) = 7 e P(q) = V3 \ e
s+terd
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Berry connection
Band topology Examples

Zak phase

Example: back to SSH

@ Possible choices

L (e L
— s+te” D = i
C,D(Q) \/§ 1 SO(Q) \/Q ‘ziiziz‘

Is there a “natural” way of choosing the phase?

Short answer: yes and no

e Globally: no
e From one point to the next: yes
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Berry connection
Band topology Examples

Zak phase

( a) Parameter space

Pick a given eigen-value £(q) (assume no degeneracy)
Choose an arbitrary choice of eigen-vectors ¢(q)
Take a starting point qg € Q

Take a curve q(t) : qo — q1

®© 6 6 6 o

Let’s move along q(t) dynamically
o(to) = p(q0)  ¢(t1) =7
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connection

Band topology

( a) Parameter space

o Dynamics as slowly as possible — adiabatic limit
o (t) =\t S Addg—i [ela()t (1))
o With
Alq) = —i{p|Vqp)

o This is called parallel transport
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Berry connection
Band topology Examples

Zak phase

( a) Parameter space

e A(q) is called Berry connection

Aa) = —i{p|Vqp)

@ Main properties:
o A(q) is real valued
o Gauge transformation

B(q) =e“Do(q) = A(q)=A(q)+ Vg
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Berry connection
Band topology Examples

Zak phase

Parameter space

(b)

B(to)
d(t1) = "2 d(to)

o Important case: curve is a loop
e In general ¢(t1) # ¢(tp) — phase shift
o This is called the Berry phase

an = § Ala)dg
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Berry connection
Band topology Example:

Zak phase

Parameter space

(b)

é(to)
o(t1) = 2 (to)

o Berry phase
an = § Ala)dg

o Main properties
o Purely geometrical: only depends on trajectory
e Gauge independent
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connection
Band topology mples
Zak phase

Outline

@ The SSH model

© Band topology

o Examples

© Application to SSH: Bulk-Boundary correspondance
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connection
Band topology mples
Zak phase

€y

Real valued 2 x 2 matrices

H— z+zx -y
-y zZ—x

Parameter space R® = {(z,y,2)}

ex = 22 /22 + 92

(]

(]

Eigen-values

@ Degeneracy: z-axis
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connection
Band topology mples
Zak phase

o FEigen-vectors can be chosen real-valued

o This implies
A= —i(p|Vp) =Im ((¢p|Vp)) =0

e Hence, phase is always parallel transported
— ¢(x,y, z) not necessarily smooth
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Berry connection

Band topology Examples
Zak phase
Example
A
€,

Sy

-

€,

e Eigen-vector
(@.9.2) : ( )
SO_ ll’ y7z = 2 2
\/y2—|—(x+ 22 + y2)2 T+ Tty

@ Real valued but not smooth!

li —
lim ¢ (z,y,2
y—0E

\_/
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Berry connection
Band topology Examples

Zak phase

Example

€.

e Easier to see in cylindrical coordinates (x,y, z) — (1,0, 2)

([ sin(6/2)
Ll cos(0/2)
@ Should be 6§ — 6 + 27 periodic!

g () g - (7)
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Berry connection

Band topology Examples
Zak phase
Example
A
e.
€y

@ Solution to get rid of discontinuity — complex values

R,

o But Berry connection is non-zero

1 1
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Berry connection
Band topology Examples

Zak phase

Example 11

Space of triangles

e Eigen-modes of a triangle (A, B, C) cavity
e Point A moves around a loop C
o After a rond trip: factor —1
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connection
Band topology xamples
Zak phase

Outline

@ The SSH model

© Band topology

@ Zak phase

© Application to SSH: Bulk-Boundary correspondance
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connection
Band topology vmples

< phase

Zak phase

—T ~T

\j

@ In periodic systems: parameter is Bloch wavenumber ¢
o In 1D: g-space Q is a loop
e Each band has a Berry phase: the Zak phase

™

Qz = An(q)dq

—T
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Berry connection
Band topology Examples

Zak phase

Zak phase: Mirror symmetric systems

o Mirror symmetry
Mac H(Q) = H(_Q) Ma:

o If p(q) is eigen-vector of H(q), then M, - ¢(q) is
eigen-vector of H(—q) with the same eigen-value

e M, - ¢(q) and ¢(—q) differ of a phase

p(—q) = DM, - ¢(q)
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Berry connection
Band topology Examples

Zak phase

Zak phase: Mirror symmetric systems

e Mirror relation
p(—q) = DM, - o(q)
e Using (M) the Zak phase is
az =0(m) —6(0)

e Using (M) twice
(@) gif(—a) —

In particular #(0) and #(7) can only be multiples of 7

ayz/7 is an integer — topological invariant

Antonin Coutant Topological acoustics



connection
Band topology vmples

< phase

Conclusion for mirror symmetric systems

Zak phase

az=§ " An()dg

—T
Independent of choice of eigen-vectors:
intrinsic property of an energy band

az/m is an integer
a7 1s constant under continuous deformation

az can change only by closing the gap
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Berry connection
Band topology Examples

Zak phase

Topology

@ Choice of eigen-vectors ¢(q) defines a connection

A(q) = —i{p|9qp)

(]

A leads to accumulated phase around a loop

QZfA@w

Mirror symmetric systems

Accumulated phase around Brillouin zone: Zak phase

az can only be multiple of 7
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Application to : Bulk-Boundary correspondance

Outline

© Application to SSH: Bulk-Boundary correspondance
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Application t

: Bulk-Boundary correspondance

Principle: Bulk-Boundary correspondance

H(q) H
Infinite system: Bulk Finite system: Bulk + Boundary
Correspondance
Topological invariant <@ ® Edge modes

Same number n € Z

Topological invariant = Number of edge modes
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Application to SSH: Bulk-Boundary correspondance

(]

Topological invariant = Number of edge modes

Explains:
Presence or absence of edge modes
Mode number changes only if gap closes

Frequency locking if combined with symmetries

Why is it useful?
Predict the number of edge modes from bulk properties
Guarantees their robustness

Allows identification of main properties

Topological acoustics



Application to SSH: Bulk-Boundary correspondance

Zak phase in SSH: direct computation

1

n'" unit cell 0°

L s it o 0
A B A B!A B'A B A B o5

-2 0

e Eigen-vector for £(q) = |s + te'| (1 possible choice)

vlq) = ;5 (ewi(q))

o We defined 0,(q) = arg(s + te'?) in | — 7, 7]

o Berry connection
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Application to SSH: Bulk-Boundary correspondance

Zak phase in SSH: direct computation
s<t

e Zak phase

1

ay = ]{A(q)dq =3 0q0,dq =

(0 () = O2(=7))

o Two cases

e s<t: az =7 = 1 edge mode!
e s>t az =0= 0 edge mode!
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Application to SSH: Bulk-Boundary correspondance

Zak phase in SSH: alternative method

th

n* unit cell

A B A B/.A B'A B A B

e At band edges (¢ =0 or ¢ = +£m)
eigen-vector is mirror symmetric or mirror anti-symmetric

M -¢(0) = +¢(0)
My -p(m) = Fp(r)

o Look at these symmetries to obtain ayz
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Application to SSH: Bulk-Boundary correspondance

Zak phase in SSH: alternative method

n'" unit cell

s<t t<s

0.5

S S: Symmetric =
.o 3 oo
2

A: Anti-symmetric

-0.5

q

@ s < t: Symmetry change = ay =7 = 1 edge mode!
e t < s: No symmetry change = az = 0 = 0 edge mode!
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Application t : Bulk-Boundary correspondance

Bulk-boundary correspondance

~

H(q) H

Infinite system: Bulk Finite system: Bulk + Boundary

Correspondance
Topological invariant <@ ® Fdge modes
Same number n € Z
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Application to SSH: Bulk-Boundary correspondance

That’s all folks

Some references:

o Reviews with treatment of SSH model:
U_)‘(lhl)zll‘(l “La matiere topologique et son exploration avec les gaz
quantiques” (2017)]
L\sbmh. Oroszlany, Palyi “A short course on topological insulators”
(2016)]
@ Berry phase and topology
[]’)(‘Hj\' “Quantum adiabatic anholonomy” (1990)]
[Budi(-h. Trauzettel “From the adiabatic theorem of quantum

mechanics to topological states of matter” (2()[;{)]
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